Abstract: Let P 2 be the cone of real univariate polynomials of degree ≤ 2 which are nonnegative on the real axis and have nonnegative coefficients. We describe the extremal rays of this convex cone and the class of linear operators, acting diagonally in the standard monomial basis, preserving this cone.
Introduction
Positive (nonnegative) polynomials arise in different branches of mathematics, physics and engineering. A number of papers of famous mathematicians deal with linear operators preserving the set of positive (nonnegative) polynomials and related questions (see, for example, [1, 4, 6, 8] and the references therein).
Let ∈ N be a nonnegative integer. We use the following notation:
Obviously if P ∈ R[ ] and P( ) ≥ 0, ∈ R, then P is of even degree. The set R 2 , where C > 0, 1 ∈ R and 0 ≤ ≤ ( = 0 corresponds to the case when P is a positive constant).
Thus, if P is an extremal ray of R
≥0
2 [ ] then all its zeros are real and multiplicity of every root is even. Although Statement A is well known, for the reader's convenience we prove it in Section 2. In Section 2 so we give the description of all extremal rays of the convex cone P 2 . To formulate the result we need additional notation.
Notation.
For P = 2
=0
∈ P 2 we denote by µ(P) the number of nonzero coefficients of P; by ν(P) the number of sign changes in the sequence ( 0 −
2 ) (counting the number of sign changes we omit vanishing terms); and by N(P) we denote the number of negative zeros of P counting multiplicities. Theorem 1.1.
Polynomial P ∈ P
2 is an extremal ray of P 2 if and only if N(P) = µ(P) − 1.
Remark.
By the Descartes rule of signs N(P) ≤ ν(P), and obviously ν(P) ≤ µ(P) − 1. Thus, for a polynomial P ∈ P 2 the equality N(P) = µ(P) − 1 implies, in particular, that P( ) = 0 0
For a given ∈ N and for a sequence of real numbers Λ = (λ ) 2 =0 ⊂ R we define the linear operator 
The following theorem is a corollary of Theorem B and one observation due to Guterman and Shapiro ([3, Theorem 2.5], see also [5] ). Usually Theorem B is formulated for the case when the sequence Λ is a priori positive (nonnegative). Since we need this statement for any real sequence Λ we present a (short) proof of Theorems B and C in Section 2.
Theorem C.
The following problem was posed to us by Boris Shapiro.
Question.
For which sequences Λ the corresponding operator A Λ preserves the cone P 2 ?
The next theorem gives the answer to this problem. 
Using the same reasonings as in the proof of Theorem C one can easily prove the following statement. 
Extremal rays of the cone of nonnegative polynomials with nonnegative coefficients
Proof of Statement A.
If P is an extremal ray of R
≥0
2 [ ] then there exists a constant λ ≥ 0 such that P = λQ 1 , thus deg Q = 0. On the other hand, let
where C > 0, and
Reducing the equality P = Q + S by ( − 1 ) 2 and reasoning analogously we obtain that there exist constants λ ν ≥ 0 such that Q = λP, S = νP. Thus P is an extremal ray of R Obviously P 2 is a normal convex cone in R 2 [ ], therefore each element of P 2 is a sum of extremal rays. To prove Theorem 1.1 we need two lemmas.
Lemma 2.1.

Let integers ∈
And let ∈ N ∪ {0}, positive numbers 0 < 1 < 2 < < , and multiplicities 1 2 ∈ N such that
also be given. Then there exists a unique polynomial P( ) = 0 0
2 ∈ P 2 such that 2 = 1 and
(where the symbol | means divisibility).
Proof. We put Q( ) = 0 0
and consider the following system of 2 linear equations on 2 variables 0 1 2 −1 :
or, shortly,
We need to show that determinant D of this system is nonvanishing. Suppose that D = 0, then the linear homogeneous system corresponding to (4) 2 ) has not more than 2 + 1 nonzero terms, the number of sign changes in this sequence is not greater than 2 . Hence the number of sign changes in this sequence is equal to 2 and we get
Thus we obtained the desired polynomial P( ) = 
Since Q 1 Q 2 and P have nonnegative coefficients, and nonzero coefficients of P are indexed by 0 1 2 , the equality
The polynomial P( ) has negative zeros 2 . Using the uniqueness in Lemma 2.1 we obtain that there exist two constants λ µ ≥ 0 such that Q 1 ( ) = λP( ), Q 2 ( ) = µP( ). Thus P is an extremal ray of P 2 .
Now we can prove the main statement.
Proof of Theorem 1.
is an extremal ray of P 
) has ν(Q) ≥ N(Q) sign changes (note that N(Q) is even).
Let us choose a subsequence of nonzero coefficients of Q,
such that 2 ∈ 2Z, 2 +1 ∈ 2Z + 1, and the number of sign changes in the sequence Using Lemma 2.1 we construct the polynomial P( ) ∈ P 2 , such that P(
, N(Q) = 1, and ( + 1 ) 2
P( ). Note that since N(Q) < µ(Q) − 1, and N(Q) = N(P) = µ(P) − 1, there is no such λ > 0 that Q( ) = λP( ).
We have
where P 1 ( ) > 0 for < 0 (polynomials Q 1 ( ) and P 1 ( ) are not necessary with nonnegative coefficients). For ≤ 0 consider the function ψ( ) = Q( )/P( ) = Q 1 ( )/P 1 ( ). This function is positive for < 0. Since nonzero coefficients of P form a subsequence in a sequence of nonzero coefficients of Q we have
Let ε, 0 < ε < α/2, be so small, that the polynomial F ε ( ) = Q( ) − εP( ) has nonnegative coefficients. This fact and the inequality ε < α/2 implies F ε ( ) ∈ P 2 . Obviously, G ε ( ) = Q( ) + εP( ) ∈ P 2 . Since Q( ) = (F ε ( ) + G ε ( ))/2, and polynomials F ε and G ε are not proportional to Q, we get a contradiction with the fact that Q is an extremal ray of P 2 . 
Linear operators preserving the cone P
Hence A Λ preserves the set of nonnegative polynomials if and only if the quadratic form =0 λ + ξ ξ is nonnegative definite and the statement of theorem follows from the well-known criterion of nonnegative definiteness.
Remark.
Obviously R 
We will use the following notation:
Example.
For ≥ 2 we consider the sequence Λ = (λ ) 2 =0 such that λ 2 = 3; λ = 1 for = 2. For every
. Obviously, for every P ∈ P 2 we have A Λ (P) ∈ P 2 , and thus A Λ ∈ L + 2 . But the operator A Λ does not preserve the set of nonnegative polynomials R Proof of Theorem 1.2. By (3) we have P
Obviously,
and thus
For a polynomial P with nonnegative coefficients the following statements are equivalent: P( ) ≥ 0 for all ∈ R and P( ) ≥ 0 for all ≤ 0. Thus,
For P ∈ P 2 and for α > 0 we denote by P α ( ) = P(α ). Obviously P ∈ P 2 implies P α ∈ P 2 . In addition, for every 0 < 0, P ∈ P 2 and α > 0 we have
It remains to describe the set Λ = (λ ) 2 =0 ⊂ R :
Let us consider the Euclidean space R 2 +1 (with the standard scalar product). We will use the following notation (see (1)- (3)):
(surely, the set K 2 is the nonnegative octant in R 2 +1 ). Obviously,
We recall that if K ⊂ R is a convex cone then its dual cone is defined by K *
is also a convex cone and
where the overline means the closure (we remind that the sum of two closed convex cones is not necessary a closed cone). About convex cones and their dual cones see, for example, [2, Lecture 5] . We observe that
So we conclude with
By (7) and (8) we obtain
Now note that by the definition of the dual cone and by (6),
iff all principal minors of the matrix Γ = (γ + ) =0 are nonnegative.
Since K 2 is the nonnegative octant in R 2 +1 it is clear that (
Our goal now is to show that the set
is closed. Suppose that ∈ R 2 +1 is a limit point of B. Then there is a sequence ( ) ∞ =1 ⊂ B such that = lim →∞ . So there exists a constant C > 0 such that ≤ C for every ∈ N. We have = + , where
for every , and = ( ( )) 2 =0 , = ( ( )) 2 =0 . Thus, by (10), we obtain that for every ∈ N all principal minors of the matrix 
are nonnegative. In particular, for every = 0 1 we have (2 ) ≥ 0 (as a principal minor of the matrix (13) of order 1), and for every = 0 1 − 1 we have
(we consider the 2 × 2 principal minor of the matrix (13) formed by rows and columns number and + 1). By (11) we have that ( ) ≥ 0 for every ∈ N and for every = 0 1 2 . Therefore, for every = 0 1 we have 0 ≤ (2 ) + (2 ) ≤ C , which means that
Using this observation and (14) we obtain that | (2 + 1)| ≤ C for every ∈ N and every = 0 1 − 1. Hence and from | (2 + 1) + (2 + 1)| ≤ C = 0 1 − 1, we have
Therefore we see that both sequences ( )
and we can choose their subsequences ( ) and we have proved that the set B is closed. Using this fact and (7), (8) and (12) 
